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OnHCAHHE MHOrOOBPA3HH KOJ1ED;, B KOTOPblX KOHEHHBIE 
KOJIBIJA OAH03HAHHO OIIPE,Zi;EJI5IK)TC5I CBOHMH TPAOAMH 

AEJ1HTEJ1EH HYJlil 

"<N 

B ^aHHofl paGoTe paccMaTpHBaioTCH acconHaTHBHBie KOJiBH,a (He o6si3aTejibHo KOMMyra- 
5^ | THBHBie h He o6a3aTejiBHo HMeiomHe eflnmnry) . 

Onpe^ejieHHe. rpacfioM de/iumejieu nyjifi KOAbi^a R Ha3BiBaeTcn rpacp, BepniHHaMH ko- 
Toporo HBjiHioTca Bee HeHyjieBBie ^ejiHTejin Hyjia KOJiBH,a (o^HOCTopoHHHe h ^BycTopoHHHe), 
npnneM ^Be pa3JiHHHBie BepniHHBi x, y coe^HH3K)Tca peGpoM Tor^a h tojibko Tor^a, Kor^a 
xy = hjih yx = 0. 

06bihho rpacp flejiHTejieit Hyjia KOJiBira R o6o3HaHaeTCH nepe3 T(R). Mbi Taioite 6yn;eM 
^ \ HcnojiB30BaTB 3to o6o3HaneHHe. 

IIoHaTHe rpacpa ^ejiHTejieit Hyjin 6bijio BBe^eHO b pa6oTe [6j. H. Bex BBeji bto noHHTHe 
fljis KOMMymamueHozo KOJiBH,a h BepniHHaMH rpacpa ^ejiHTejieft Hyjia cHHTaji Bee sjieMeHTBi 
KOJiBn;a. B cTaTBe [5J onpe^ejieHHe Gbijio H3MeHeHo: b KanecTBe BepniHH rpacpa ^ejiHTejieft 
Q\ . HyjiH KOMMyTaTHBHoro KOJiBn;a aBTopBi stoh paGoTBi paccMaTpHBajin jihhib HeHyjieBBie ^e- 

q^ ■ jiHTejiH HyjiH. 3aTeM noHHTHe rpacpa ^ejiHTejiefl Hyjin Gbijio pacnpocTpaHeHo h Ha HenoM- 

en 
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MymamueHuu cjiynan (cm., HanpHMep, 

m ; 

HeTpynHO npHBecTH npHMepBi HeH30MopcpHBix Kojien;, rpacpBi ^ejiHTejieii HyjiH kotopbix 



paBHBi. HanpHMep, ecjin A — cneTHOMepHan ajire6pa c HyjieBBiM yMHoaceHHeM Hafl nojieM Z p , 
a B — cneTHOMepHas ajireGpa c HyjieBbiM yMHOJKeHHeM Hafl nojieM 7* q , r^e p, q — sto pa3JiHH- 
HBie npocTBie HHcna, to T(A) = T(B), ho A ^ B. ,ZIpyrHMH cjioBaMH, ^aace b MHoroo6pa3HH 
var (xy = 0) cymecTByioT npHMepti GecKOHenHBix HeH30MopcpHBix Kojien;, rpacpBi ^ejiHTejieit 

HyjIH KOTOpBIX HMeiOT O^HHaKOBOe CTpoeHHC B CBH3H C 3THM HHTepeC npe^CTaBJIHeT TaKOH 

Bonpoc: npn KaKHx ycjioBHsrx H3 paBeHCTBa rpacpoB ^ejiHTejieit HyjiH cjie^yeT H30MopcpH3M 
KOJieu? HexoTopBie pe3yjibTaTBi, ^aiouxHe otbct Ha stot Bonpoc rjik KOMMyTaTHBHBix ko- 
jien;, 6biJiH nojiyneHBi b pa6oTe [3]. B HacroHmeH pa6oTe ,n;aHHaH npo6jieMa nccjie^yeTCH 
Ha H3biKe MHoroo6pa3HH, a hmchho: nccjie^yioTCH MHoroo6pa3HH accouHaTHBHBix Kojien;, b 
kotopbix KajK^oe KOHeHHoe kojibho o^H03HaHHo onpe^ejiaeTcs cbohm rpacpoM ^ejiHTejieit 
Hyjia. ^pyrHMH cjioBaMH, H3ynaioTC3 cBOHCTBa MHoroo6pa3HH Kojien; DJl, ^jih KOToporo H3 
paBeHCTBa T(R) = T(S) ^jih KOHenHBix Kojien, R, S 6 DJl, cnepyeT, hto R = S. PaHee Taxne 
MHoroo6pa3HH Hccjie^oBajiHCB b pa6oTax jT] [7] . O^Haxo nojmoro onncaHHH nojiyneHo He 6bi- 
jio. B HacTOHHi;eH yKe paGoTe MHoroo6pa3HH, b kotopbix Bee KOHenHBie KojiBH,a o^,H03HaHHo 
onpe^ejiHioTCH cbohmh rpacpaMH ^ejiHTejiefl Hyjin, nojiHOCTBio onncaHBi. 
BBe^eM o6o3HaHeHHH h hohhthh, HcnojiB3yeMBie b HacTOHmeii pa6oTe. 



2 
IIojihum n-eepiuuHHUM spacfioM K n Ha3L»iBaeTCH rpacp (6e3 neTejiB n KpaTHBix pe6ep), 

Bee n BepniHH KOToporo CMeacHM MeJK/xy co6ofl. 

IlycTb a^mHTHBHaa rpynna KOjiBija R pa3JiaraeTca b npsMyio cyMMy cbohx HeHyjieBBix 
a^n;HTHBHBix no^rpynn A4, rpje % = 1, . . . ,n n n > 2, T.e. R = A\ + • • • + ^4 n - Ecjih Bee 
nojxrpynriBi v4j jibjijiiotcji /xBycTopoHHHMH HfleajiaMH KojiBu,a i?, to kojibu,o R Ha3BiBaeTca 
pa,3Jl09fCUMUM ( b oGosHaieHHH i? = Ai © . . . © A n ). 

IIopH^oK KOHeHHoro KOJibi^a R mbi 6yn;eM o6o3HaHaTB nepe3 \R\ . ,U,jis: jiio6oro sjieMeH- 
Ta a G R, rflfi R - npon3BojiBHoe kojibuo, 6yn;eM ncnojiB30BaTB cjie/xyiomee o6o3Hane- 
HHe: ann(a) = {x G R; xa = ax = 0}. JI,jis jik>6bix sjieMeHTOB x,y KojiBija R iiojiojkiim 
[x,y] = xy — yx n x o y = xy + yx . Hepe3 Z n mbi 6yneM o6o3HaHaTB kojibuo KjiaccoB bbihctob 
no Mo^yjiio n. JXjis npocToro nucjia p 6yn,eM nojiaraTB, hto X 0iP = (a) ,pa = 0, a 2 = 0. 

IlycTB Z (X) = Z (xi,£2, . . .) - cBo6o^Hoe accoirnaTHBHoe kojibuo ot cneTHoro uncjia 
nepeMeHHBix X = {xi, X2, ■ ■ ■} h f(x±,..., Xd) G Z (X). MHoroujieH /(xi, . . . , Xd) cyiu,e- 
cmeeHHO 3aeucum ot x%, X2, ■ ■ ■ , x^, ecjrn /(0, X2, • • • , x^) = . . . = /(xi, . . . , x^-i, 0) = 0. 
MHHHMajiBHaa H3 cTeneHeit onHOHjieHOB, BxonHuxirx b 3armcB f(xi, . . . ,Xd) c HeHyjieBBiM 
K03(pcpHn;HeHTOM, Ha3BiBaeTca HUMcneu cmeneHbK) MHOzonjiena f(x\, . . . , Xd). 

IlycTB 97t - MHoroo6pa3ne KOJien,. Hepe3 T(97t) 6yneM o6o3HauaTB mhojkcctbo Bcex mho- 

TOHJieHOB H3 Z (X) , HBJIHIOIIXHXCfl TOJK^eCTBaMH Ha BCeX KOJIBUaX H3 971. Ha30BeM MHOJKeCTBO 

T'(97t) udeaAOM mowcdecme MHoroo6pa3H2 97?. Ecjih Hjj;eaji To>Kjj;ecTB T(97t) nopoacuaeTcs 
(xax BnojiHe xapaKTepHCTHHecKHit jmeaji) MHoroHjieHaMH fc,i G /, to 6yn,eM iicnojiB30BaTB 
cjie/xyiornee o6o3HaHeHHe: T(97t) = {fi | i£ I} T . Hepe3 971 V 91 oGosHauaeTca oGte/THHeHiie 
MHoroo6pa3Hfi 971 11 9T. HeTpy/xHO 3aMeTHTB, hto T (971 V 9T) = T (971) fl T (9T) . 

IlycTB 97li iP = var (xyz = 0,x 2 = 0,px — 0) h 97t 2)P = far (xyz = 0, [x,y] = 0,px = 0), 
r^;e p — npoH3BOJibHoe npocToe hhcjio. 3aMeTHM, hto 97ti.2 Q 9712,2, a npn HeneTHOM p mbi 
HMeeM 97ti iP n97t2 i p = var (xy — 0,px — 0). ,Hajiee, nycTB Fj — npHBe^eHHo cBo6o^,Hoe kojibii;o 
c niecTBio nopo>K^aioiu;iiMH {xi, . . . , x^} MHoroo6pa3mi 97lj iP , i — 1, 2. PaccMOTpnM KOJiBii,a 

Aj,p = -Fi/ (^3X4 - XiX 2 ) , B ijP = Fi/ (x 5 x 6 - x x x 2 - X3X4) , 

r,ne (a, 6, . . .) — sto n^eaji KOJiBii;a Fi, nopojK^eHHBifl sjieMeHTaMH {a, b, . . .}, i — 1, 2. Harna 
6jiH>Kaiiinaa n;ejiB -- ^;oKa3aTB, hto r(Ai iP ) = T(Bi yP ) ^jih jiio6oro npocToro Hiicjia p 11 
r(A2 iP ) — T(i?2,p) npii HeneTHOM npocTOM p. 

IIo TeopeMe TapcKoro jiio6oe HeHyjieBoe MHoroo6pa3He KOJien; co^epxciiT o^ho H3 mh- 
HHMajiBHBix MHoroo6pa3Hfl: var Z p hjih var N 0tP , r^e p - HeKOTopoe npocToe hhcjio [S]. 
OKa3BiBaeTC5i, hto b MHHHMajiBHBix MHoroo6pa3nax var 7L V h far Xo iP , r^e p - jiio6oe npo- 
CToe Hiicjio, Bee KOHe^HBie KojiBii;a o^HosHanHo onpe^ejiaioTcsi cbohmh rpacpaMH flejiHTe- 
jieii Hyjia Tax >Ke, KaK 11 b MHoroo6pa3Hii var N 0pi V ... V var N QtPg [T]. B MHoroo6pa3Hii 
var Nq jPi V ... V rar N 0tPs V rar Z p , r^e Pi, ■ ■ ■ ,p s ~ nonaprio pasjiiiHHBie npocTBie HHCJia, p - 
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jno6oe npocroe hhcjio (bo3mo>kho, coBna^aiomee c o^hhm H3 HHceji p^), Kaac^oe KOHeHHoe 

kojibho o^H03HaHHo onpe^ejiaeTca cbohm rpacpoM ^ejiHTejiefi Hyjis Tor^a h tojibko Tor^a, 

Kor^a (pi,p) 7^ (3, 2) npn i < s |lj. Haina HejiB — noxasaTB, hto jiio6oe MHoroo6pa3He, b ko- 

TopoM Bee KOHe^HBie KOJibn;a o,TH03HaHHo onpe^ejunoTca: cbohmh rpacpaMH ^ejiHTejieft Hyjia, 

HBjiHeTca noflMHoroo6pa3HeM MHoroo6pa3HH BH^a var No tPl V ... V var Nq iPs V var Z p , r^e 

Pi, . . . ,p s - nonapHo pa3JiHHHBie npocTbie HHCJia, p - jiioGoe npocToe hhcjio h (pi,p) ^ (3, 2) 

npn Bcex i < s. ,Zfyis 3Toro HaM noHa^oGaTcs HeKOToptie BcnoMoraTejiBHBie yTBepxc^eHHa. 

IIoKajKeM cHanajia, hto T(Ai iP ) = T(Bi ±p ), b to BpeMH, xax A\^ p ^ Bi tP fljia jiio6oro 
npocToro HHCJia p. 

3aMeiaHHe. IIopa^oK ajire6p A itP , B ip , i = 1,2, paBeH p M . Bo3HHKaeT Bonpoc o 
cymecTBOBaHHH b yKa3aHHBix MHoroo6pa3HHx npHMepoB HeH30MopcpHBix kohcthbix KOJien; 
He6ojibHioro nopa^Ka c o^HHaKOBBiMH rpacpaMH ^ejiHTejieft Hyjia. O^Haxo HaMH Gbijio ^;o- 
Ka3aHo, hto b MHoroo6pa3HH 97^1,2 Bee KOHeHHBie KojiBn;a nopa^xa < 64 o,TH03HaHHo onpe- 
^ejiaioTca cbohmh rpacpaMH ^ejiHTejiefl Hyjia (cpaKTHHecKH GbiJiH nojiHOCTbio onncaHBi Bee 
KOHeHHBie KOJibua b MHoroo6pa3HH 9Jli.2, nopa^oK kotopbix He npeBBiniaeT 64). 

JleMMa 1. Mnootcecmeo C\ = {xiXj] {i,j) ^ (3,4),1 < i < j < 6} neAttemcfi 6o,3ucom 
ajiee6pu A\ , zde p — npocmoe hucao.) 

,I(oKa3ameAbcmeo. Mhojkcctbo C\ HBjiHeTCH chctcmoh o6pa3yioiiiHx BeKTopHoro npocTpaH- 

CTBa A\ . ,H,OKa>KeM, HTO 3TO MHOJKeCTBO JIHHeHHO He3aBHCHMO. ECJIH MHOJKeCTBO C\ JIH- 

HeflHO 3aBHCHMO, to cymecTByioT 3JieMeHTBi a, Sij G Z p , He Bee paBHBie Hyjuo, Taxne, hto b 
ajireGpe -F\ cnpaBe^jiHBo paBeHCTBo 

y SijXiXj = a(x 3 X4 — Xix 2 ). (1) 

i < j 

(i,j)^(3,4) 

IIojiojkhm b 9tom paBeHCTBe X3 = £4 = 25 = x$ = 0. Tor,na 5±2 = —a, ^pyrHMH cjioBaMH, 
J^ 5ijXiXj = ax^x^. IIojiojkhm X\ = X2 = £5 = Xq = 0. IIojryHHM, hto a = n 5ij = 

i < j 

0,j)#(3,4) 
(i,j)^ (1,2) 

fljis Bcex i, j, TaKHx, hto i < j h (i, j) 7^ (3, 4), (1, 2). ITpoTHBopeHHe ^0Ka3BiBaeT jieMMy. D 

6 6 

IIpe/],jio>KeHHe 1. Tlycmb a = ^2 a iXi + u, b = Y2 PiXi + v — npou360/ibHue aAeMeumu U3 

8=1 i=\ 

KOAbii,a Ai jP , npuueM m,d6 A\ . Ecau a,b (£ A\ , mo ab = mosda u moAbKO mosda, nosda 
(/3i, . . . , Pe) = A(«i, . . . , a§) Bar neKomopoeo HeuyAeeozo 3AeM,enma A e Z p . 

,I(oKa3ameAbcmeo. IlycTB (/3 l5 . . . , /3 6 ) = X(a±, . . . , a^), r^e ^ A £ Z p . Tor^,a a = c + u, 
b = Ac + v h ab = Ac 2 = 0, t.k. x 2 = — Toac^ecTBo b ajire6pe A\ jP . 



^OKaaceM oGpaTHoe yTBepac^eHHe. IlycTB ab = 0. Tor^a 



ab 



ft ft 



+ 



«3 «4 

ft ft 



xix 2 + 



£ 



i < j 
(i.j)?* (1,2) 
(i,j)* (3,4) 



a,- a 



J 



A ft 



*Xj £ *Xj T 



0. 



IIo jieMMe[T]MHo>KecTBo C\ = {xiXj] (i,j) 7^ (3, 4), % < j} — 6a3Hc BeKTopHoro npocTpaHCTBa 
A\ . IIosTOMy nojiynaeM, hto 



OC\ 


a 2 


+ 


ft 


ft 





«3 «4 


= H 


l—c^ L4- o 


ft Pa 




ft ft 



r fl ez<j,(i,i)^(l,2)H(z,i)^(3,4). 
PaccMOTpHM cjie/xyrouiHe cjiynaH. 
Cjiynaii 1. IlycTB ot\ 7^ 0. 

IIoCKOJIBKy 

«i 0:3 

ft ft 



0. 



A ft 



0. 



to BTopBie ctpokh 3thx onpeflejiHTejieii jiHHeiiHo BBipaxcaioTCH nepe3 nepBBie, T.e. fa = \a>i, 

ft = A«3 H Pi = /iOi, ft = /i« 4 flJIH HeKOTOpBIX SJieMeHTOB A,/i£ Z p . IIoCKOJIBKy «i 7^ H 

(A — /i)ai = ft — Pi = 0, to A = fi h ft = Ac*4. AHajiorHHHo jj;oKa3BiBaeTCH, hto ft = \a$ h 
ft = Xa 6 . 



JX&nee, H3 paBeHCTB 



Oil 


a 2 


+ 


fa 


fa 





«3 «4 

fa Pa 



0, ft = A«3 h ft = A«4 cjie/xyeT, hto 



h, 3HaHHT, ft = Aa 2 . TaKHM o6pa30M, (ft, . . . , ft) = A(«i, . . . , a G ). 



«i «2 

ft ft 
Cjiynaii 2. IlycTB «i = 0. 

Ecjih xoth 6bi o/xhh H3 sjieMeHTOB 02,03,04 He paBeH Hyjno, to paccyxc^aeM Tax ace, 

KaK npn paccMOTpeHHH cjiynaa 1. IIosTOMy MoxceM nojiaraTB, hto oi = 02 = 03 = 04 = 

h, HanpHMep, 05 7^ 0. (3aMeTHM, hto nocKOJiBKy a ^ A\ , to o^hh H3 sjieMeHTOB 05 hjih 

06 OTjiH^eH ot Hyjia.) AHajiorHHHO mbi MoxceM CHHraTb, hto Pi = ft = ft = ft = 0. 

Cjie,n;oBaTejiBHo, 



a& 



«5 «6 

ft ft 



X5X6 = 0, HJIH 



a 5 a 6 
ft ft 



0. 



T.e. ft = A«5, ft = A«6 flJ 13 HeKOToporo HeHyjieBoro sjieMeHTa A G Z p . TaKHM o6pa30M, 
(ft,..., ft) = A(«i,...,a 6 ). □ 

6 

H3 npe;o;jio»c;eHHa:[T]nojiyHaeM, hto fljia KaJK^oro sjieMeHTa a = Y2 a ^% ^ ^i,p \^i« mho- 



8=1 



PV) 



acecTBO {aa + u; 7^ a 6 Z p ,m G ^4i p } o6pa3yeT nojiHBiit no^rpacp T a rpacpa T(Ai i 
npnneM Kaacja;aH BepniHHa nojj;rpa(pa T a CMeacHa tojibko c BepniHHaMH 3Toro no^rpacpa h 
3jieMeHTaMH H3 MHoacecTBa A\ . noKaaceM, hto TaKoe ace cTpoeHHe HMeeT rpacp T(Bi tP ). 



JleMMa 2. MnoMcecmeo D\ = {xiXj] (i,j) 7^ (5,6),1 < i < j < 6} neAHemcfi 6o,3ucom 
CLA2e6pu B\ Bar awBozo npocmoeo uucAap. 

JJ,oKa3ameAbcmeo aHajiorHHHo ,n;oKa3aTejit.cTBy jicmmbi [TJ 

6 6 

IIpe,zi,jio:>KeHHe 2. Ilycmb a = Y2 aiXi + u, b = ^2 fa^i + v -- npou3eoAbnue aAeMenmu 

1=1 1=1 __ 

U3 KOAbi^a Bi p , dde u,v G Bf p . Ecau a,b ^ -B 2 „, mo ah = rnosda u moAbKO modda, nozda 
(fa, . . . , /Sg) = A(«i, . . . , a§) Bar neKomoposo HenyAeeoso 3AeMenma A G Z p . 

JJoKa3ameAt>cmeo. IlycTB (/3i, . . . , /3 6 ) = A(ai, . . . , a^), r,ne ^ A G Z p . Tor^a a = c + u, 
b = Ac + v h a& = Ac 2 = 0, t.k. x 2 = fljiH jiioGoro sjieMeHTa a; G -Bi, p . 
,HoKa:sceM o6paTHoe yTBepxc^eHne. IlycTB ab = 0. Tor^a 



a& 



«1 «2 

ft & 



+ 



«5 «6 

A, As 



£1X2+ 



+ 



«3 «4 
A & 



+ 



«5 «6 

A, As 



X3X4+ 



£ 



1 < j 

(*.i)* (1.2) 
(i,i)^ (3,4) 
(i,i)^ (5,6) 



fa fa 



Jb %Ju j 



IIo jieMMe[2]MHo>KecTBo D\ = \xiX,y, (i,j) 7^ (5, 6), % < j} — 6a3Hc BeKTopHoro npocTpaHCTBa 
B\ . IIosTOMy 



fa fa 



a 5 a 6 

fa fa 



0. 



«3 «4 
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fa fa 





a 5 a 6 


= 0h 


Ltr) Lt O 


fa fa 




A & 



0. 



ecjin i<j,{i,j) ^ (1,2), (i, j) ^ (3,4) h (z,j) ^ (5,6). 

Tax >Ke, KaK npn flOKa3aTejibCTBe npe^jioaceHHH [TJ paccMOTpiiM ^Ba cjiynaa. 

Cjiynaii 1. IlycTB a.\ 7^ 0. 

AHajiorHHHo TOMy, KaK sto Gbijio quejiaHo b ,noKa3aTejiBCTBe npe^jioaceHHH [H nojiyna- 



eM, hto /3j = Aa« pjm jiio6oro i ^ 2. IIosTOMy H3 paBeHCTBa 



Ql 


a 2 


+ 


ft 


fa 





"5 "6 

fa fa 







BBiTeKaeT paBeHCTBo 



= 0. OTcio^a cjie^yeT, hto fa — A«2- TaKHM o6pa30M, npn 
fa) = A(ai,...,a 6 ). 



«1 «2 

/?i /? 2 
ai 7^ mbi HMeeM, hto (/3i, . . . 

Cjiynaii 2. IlycTB «i = 0. 

Ecjih xoTa 6bi oflHH H3 sjieMeHTOB «2, «3, «4, /?i, fa, fa, fa He paBeH Hyjiio, to paccyjK^aeM 

TaK >Ke, KaK b cjiynae 1. IIoBTOMy mcokcm CHHTaTB, hto Oj = fa = npn i,j G {1,2,3,4}. 

3HaHHT, 

a 5 a 6 



ab 



(a 5 x 5 + a 6 x 6 )(/3 5 x 5 + fax G ) 



fa fa 



(XiX 2 + X3X4) 



0. 



IIocKOJiBKy a ^ Bf p , to, HanpHMep, a 5 7^ 0. TaKHM o6pa30M, fa = Aa 5 , fa = \a 6 ^;jih 
HeKOToporo HeHyjieBoro sjieMeHTa A G Z p , T.e. (/?i, . . . , fa) = A(«i, . . . , «6). □ 



TaKHM o6pa30M, cupaBe^jiHBo 

Cjie/i,CTBHe 1. r(Ai tP ) = F(Bi jP ) Bah ak>6o2o npocmoso uucAap. 

IIpe/],jio>KeHHe 3. AAze6pa A ltP ne u30Mop<fma a,Aee6pe B\ p 3ah ak>6o20 npocmoso uucAap. 

JJoKasameAbcmeo. IIpe^nojioJKHM npoTHBHoe: cymecTByeT H30MopcpH3M tp ajire6pBi Bi yP 
Ha ajireGpy A\ tP . BBe^eM Taxne o6o3HaHeHHH: xi = Xi + (x±X2 + X3X4 — x^x^) G Bi yP h 
x\ = Xi + {x\X2 — ^3^4) G A-i p , i = 1,6. 3aMeTHM hto tp(Bf ) C A\ , a 3HaHHT, oTo6pa- 
aceHHe Tp : B lp jB\ rp — >■ A 1)P /^4^ , onpeflejieHHoe no npaBHjiy </?(a + ^ ) = = V?( a ) + ^i,p> 
a G Bi p , TaKJKe hbjihctch h30mop4>h3mom. OTcio^a cjie^yeT, hto cymecTByeT HeBBipoac^eH- 
Haa MaTpima P = (pij)exe, Pij G Z p , TaxaH, hto 

y>(Xi) = Pll^i + P21S2 + ^31^3 + P41^ 4 + P51»5 + ^61^6 + 6ll 
V?(X 2 ) = P12X[ + P22^ 2 + P32^ 3 + £>42^ 4 + P52^' 5 + £>62^ 6 + fa 
ip(x 3 ) = Pizx[ + p 2 3^2 + P33^ 3 + P43^4 + P53^' 5 + ^63^6 + fa 
<p(x A ) = p u x[ + P24X2 + P34X3 + £>44^ 4 + P54X' 5 + Pq^Xq + 64; 
<p(s 5 ) = Pl 5 ^i + P25X2 + P35^3 + P45^4 + P55&5 + ^65^6 + fa 

y?(x 6 ) = p 16 xi + p 2 6x' 2 + p 3e x' 3 + p m x' A + p 56 x' 5 + p 66 x' 6 + b 6 , 

r^e 61, b 2 , 63, 64, 65, &6 ~~ HexoTopBie sjieMeHTBi H3 A? . 
ynHTBiBaa: cBoflcTBa H30MopcpH3Ma, nojiynaeM 

(p(~XiX~2 + X3X4 - X 5 X 6 ) = 
= (Pll^i + P21^ 2 + P31^ 3 + P41^4 + P51^5 + Pei^iP^x'l + P22^2 + £>32^ 3 + £>42^ 4 + £>52^ 5 + P62^ 6 ) + 
+ (Pl3^i + P23^2 + P33^ 3 + ^43^4 + P53^ 5 + P63^ 6 )(Pl4^i + P24^ 2 + Pu x 3 + Pux' 4 + P54X5 + P64^ 6 )~ 
-(Pl5^l + P25^2 + P35^3 + ^45^4 + ^55^5 + P65^ 6 )(Pl6^1 + ^26^2 + ^36^3 + ^46^1 + ^56^5 + P66%) = 
= (P11P62 - P12P6I + P13P64 - P14P63 ~ ^15^66 + Pl6P65)^6+ 
+ (P2lP62 - P22P61 + P23P64 - ^24^63 ~ ^25^66 + ^26^65)^2^6+ 
+ (P3lP62 - P32P61 + P33P64 ~ ^34^63 ~ P35P66 + PmPm)^x' 6 + 
+ {PAlP&2 ~ PA2P&1 + P43PM ~ PuPm ~ P45P66 + ^46^65)^4^6+ 
+ (P5lP62 - P52P61 + P53P64 ~ ^54^63 ~ P55P66 + ^56^65)^5^6+ 
+/ \ x li x 2i X 3i X Ai X 5J = ^5 

r^;e f(x , 1 ,x , 2 ,x' 3 ,x' 4 ,x' 5 ) - HeKOTopbifi MHoronjieH ot nepeMeHHBix x[, x' 2 , x' 3 , x' 4 , x' 5 , He co- 
^;ep>KaH];HH nepeMeHHyio x' 6 . Tax xax x'{x' % , x 2 x 6 , x 3 x' 6 , x' 4 x'g, x' 5 x 6 , jiHHeflHo He3aBHCHMBi, 



TO 



P11P62 - P12P61 + P13P64 - P14P63 ~ Pl^Pm + PwP65 = 
P21P62 - P22P61 + P23PG4 - P24P63 ~ P25P66 + P26P65 = 
P31P62 ~ P32P61 + P33P64 ~ P34P&3 ~ P35P66 + P36P65 = 
P41P62 ~ P42P61 + PA3P&4 ~ P44P63 ~ PibP&Q + PmP%h = 
P51P62 - P52P61 + P53P64 ~ P54P&3 ~ P55P66 + P56P65 = 



/IpGaBHB oneBH^Hoe paBeHCTBO, nojiyHHM 

P11P62 ~ P12P61 + P13P&4 - PuP63 ~ PisPm + PwPg5 = 0; 
P21P62 - P22P61 + P23PM ~ P2iP§3 - P25Pm + P26P&5 = 0; 

P31P62 - P32P61 + P33P64 ~ P3AP&3 ~ P35P66 + P36P65 = 0; 
P41P62 ~ P42P&1 + P43PM ~ P44P63 ~ ^45^66 + PmP%h = 0; 
P51P62 ~ P52P61 + P53P64 ~ P54P&3 ~ PttPm + P56^65 = 0; 
P61P62 ~ P&2P61 + P63P64 ~ P64P63 ~ P65P66 + PmP%<o = 0. 

OTcio^a 

(P62, -P61,P64, -PB3, -P66,P65) ■ P T = 0. 

MaTpnna P HeBBipoac^eHHaa h, b HacTHocra, He HMeeT HyjieBBix ctpok, a 3HanHT, nojiyneH- 
Hoe paBeHCTBO HeB03Mo>KHo. IIpoTHBopeHHe ,n;oKa3BiBaeT npe^jioaceHHe. D 

H3 cjie,n;cTBH5i[T]H npe^jio>KeHH5i[3]BBiTeKaeT cnpaBe^jiHBocTB cjie,nyioni,ero yTBepac^eHHH. 

Cjie,a,CTBHe 2. Ecjiu e MHosoo6pa,3uu KOAen, DJl ece Kouennue KOAhv^a odno3HaHHO onpede- 
jiRmmcR ceouMu epacfiaMu deAume/ieu hx/ah, mo 3ah aw6ozo npocmozo nucjia p MnozooBpa- 
3ue 971 ne codepotcum MH02oo6pa3Ufi 9Jti iP . 

,Hajiee, noKaxceM, hto ajireGpBi A 2 ^ p h B 2p He H30Mop<pHBi fljia jnoGoro npocToro HeneTHo- 
ro p, o^Haxo T(A 2p ) — r(B 2)P ). JIjik stoto HaM noHa^oGaTca HexoTopBie BcnoMoraTejiBHBie 
jieMMbi. 

JleMMa 3. MnooKecmeo C 2 = {x k 2 ,XiXj] (i,j) ^ (3,4), 1 < i < j < 6, 1 < k < 6} 



neAfiemcH 



6CL3UCOM aA2e6pu Ai (p > 2.) 



,I(oKa3ameAbcmeo. MHoxcecTBo C 2 zBjizeTcs chctcmoh o6pa3yioni,HX BeKTopHoro npocTpaH- 
CTBa A\ . Ecjih oho jiHHeHHo 3aBHCHMo, to cym;ecTByK)T sjieMeHTBi a, 71, . . . , 76, 5ij G Z p , He 
Bee paBHBie Hyjuo, Taxne, hto b ajireGpe F 2 cnpaBe^jiHBo paBeHCTBO 

6 

5Z 7iX * 2 + 5Z &ij x i x i — "(^3^4 - xix 2 ). (2) 

»=i t < j 

(i,j) 5^(3.4) 



Ilojiaraa b paBeHCTBe (1) x± — . . . — Xj_i = Xj + i = . . . = x 6 , r^e 1 < i < 6, nojiynuM, tto 
jixj = 0, T.e. 71 = . . . = 76 = 0. IIojiojkhm TenepB b paBeHCTBe (1) X3 = x 4 = X5 = xq = 0. 
Tor^a ^12 = —a, ^pyrHMH cjioBaMH, Yl 5ijXiXj = 0x3X4. IIojiojkhm, HaKOHen;, 

i < j 

(i,j) 7^(3,4) 
(i,i)jt (1,2) 

X\ = X2 = X5 = Xq = 0. IIojiyHHM, HTO Of = H §ij = RJIK BCeX Z, j, TaKHX, HTO l < j 

H(i,j)^(3,4),(l,2). D 

6 

JleMMa 4. .Ea/m a = ^ aiTi + u G A 2tP , sde p > 2, ctj G Z p d/i,« ecex nuceA i G {1, . . . , 6}, 

6 

JJoKa3ameAt,cmeo. IlycTB 6 = ^ (3jXi + t> G ann(a), r^e /3j G Z p , z G {1, . . . , 6}, v G A|„. 
Tor^a 

6 



° = ab = ( 5Z aiXi ) ( y^A 

6 

= 2J ai/3^ 2 + («i/32 + «2/3i + a3/?4 + a 4 /3 3 ) £1^2 + ^ («i/3j + aijfii) xixj. 



i=l 



i < j 
(i,j)^(l,2) 

(»,i)#(3,4) 



H3 jieMMBi [3] cjie^yeT, hto 

ai/?! = . . . = a e (3 6 = 0, ai/3 2 + a 2 /?i + a 3 /3 4 + a 4 /3 3 =fln aj/3j + <x,-/3j = 

fljisi Bcexz,j G {1,...,6}, Tarax, hto i < j, (i,j) ^ (1,2) h (i,j) ^ (3,4). 

IlycTB «i 7^ 0. Tor^a H3 paBeHCTB «i/3i = h ai/3j+a^i = 0, ryre i = 3,4, 5, 6, nojrynaeM, 
hto /?i = h /3 3 = /3 4 = /3 5 = (3q = 0. ,H,ajiee, H3 paBeHCTBa «i/32 + «2/3i + «3/9 4 + a 4 /33 = 
cne^yer, hto ai/32 = 0, T.e. /3 2 = 0. ,HpyrHMH cjioBaMH, Mbi noKa3ajiH, hto b stom cjiynae 

& = v e A| p . 

PacccMOTpHM TenepB cjiynail, Kor^a ai = 0. BBimy ,noKa3aHHoro BBirne, MoxceM cnirraTB, 
hto a 2 = a 3 = a 4 = 0. 3HanHT, HMeeM paBeHCTBa a 5 /3 5 = a 6 /3 6 = 0, a 5 /3 6 + a 6 /3 5 = 0. 
IIocKOJiBKy a tf: AZ, to a$ 1^ hjih 05 7^ 0. IlycTB 0:5 7^ 0. Tor^a H3 paBeHCTBa as/3 5 = 
nanynaeM, hto /3 5 = 0. IIosTOMy a^ft^ = 0. OTcipua fi% = 0. ,H,pyrHMH cjioBaMH, b G A| . 
Cjiynafi, Kor,zi,a ag^O paccMaTpHBaeTca aHajiorHHHo. D 



TaKHM o6pa30M, rpacp T(A2 yP ) HMeeT cjie^yioirj;ee cTpoeHne: MHOJKecTBo HeHyjieBBix sjie- 

2 

2.p 



MeHTOB H3 MHOJKecTBa A\ o6pa3yioT nojiHBifi no^rpacp, a jno6aa BepniHHa a G A 2 , p \ A 2 
CMeacHa co BceMH BepniHHaMH H3 3Toro ncvnxpacpa h tojibko c hhmh. 
J1\jis ajire6pBi B 2jP (p > 2) cnpaBe^jiHBBi aHajiorn jieMM [3H11 

JleMMa 5. MHoatcecmeo D 2 = {x^xixf, (i,j) 7^ (5, 6), 1 < i < j < 6, 1 < k < 6} 
HeAHemcfi 6a,3ucoM aAze6pu B\ (p > 2.) 



,I(oKa3ameAbcmeo aHajiorHHHo ,a;oKa3aTejibCTBy jicmmbi |3j 

6 

JleMMa 6. Ilycmb a = ^ aiTi + u G B 2p , zdt p > 2, c^ G Z p cWj ecex uuceA ie{l,...,6}, 

8=1 

w G 5| u a ^ -B|, P - ^ 02 ^ a ann(a) = B\ . 

6 

/J0Ka3amejibcm60. Bo3BMeM sjicmcht 6=5^ A^i + ^ G ann(a), r^e /% G Z p fljis Bcex HHceji 

»=i 
i G {1, . . . , 6} h t> G A|„. riojiynaeM 

6 

= a& = 2J OHfax^ + (ai/?2 + a 2 fa + a 5 /3 6 + a 6 /3 5 ) x{x 2 + 



i=l 



i < j 

(i,j) 5^(3,4) 
C».j) # (5,6) 



H3 jieMMM [5] cjie^yeT, hto 

ai/3i = . . . = a 6 /3 6 = 0,ai/3 2 + a 2 /?i + as/^e + "e/^ = 0, 

a 3 /3 4 + a 4 /3 3 + a 5 /3 6 + a 6 /3 5 = 0n a^ + ajfa = 

^jih Bcexz,j G {1,...,6}, Tarax, hto Kj'h (i,j) ^ (1, 2), (3,4), (5, 6). 

IIpe^nojiojKHM, hto ot\ 7^ 0. H3 paBeHCTBa ot,\fa = nojrynaeM, hto fa = 0. ^ajiee, H3 
paBeHCTB a\fa + a^i = 0, i — 3, 4, 5, 6, cjie^yeT, hto /3 3 = /3 4 = /3 5 = fa = 0. HaKOHeu,, H3 
paBeHCTBa aifa+^fa+a^fa+a^fa = BbiTexaeT, hto /3 2 = 0. TaKHM o6pa30M, b — v G S| . 

AHajiornHHo paccMaTpHBaioTca cnynaH, Kor,n,a otjikhch ot Hyjia o^hh H3 KoscpcpHuneHTOB 
a 2 ,a3,a4. H/rax, mbi mojkcm nojiaraTb, hto 014 = ^yia i = 1,2,3,4. Tax kbr a ^ A| , to 
«6 7^ hjth «5 7^ 0. ripe^nojiojKHM, hto 05 7^ 0. H3 paBeHCTBa 05/35 = nojrynaeM, hto 
fa = 0. Cjie^oBaTejibHo, a 5 fa = 0, T.e. h fa = 0. H3 paBeHCTB aifa + a 5 fa = 0, r^e 
i = 1,2, 3, 4, cjie^yeT, hto fa = fljia: z = 1, 2, 3, 4. 3HaHHT, b = v E B\ . □ 

H3 jieMM H] h [6] nojiynaeM 

Cjie,a,CTBHe 3. r(A 2jP ) = r(S 2p ) 3ah aw6oso npocmozo HenemHoeo uucAap. 

IIpe,zi,jio:>KeHHe 4. AA2e6pa A 2tP ne u30Mopcf)Ha a,Ase6pe B 2p Bar ak>6o20 npocmozo Henem- 

HOSO HUCAa p. 

/(oKasameAbcmeo. IIpe^nojiojKHM npoTHBHoe. IlycTb tp - H30MopcpH3M B 2tP Ha A 2)P . O60- 

3HaHHM X~i = Xi + (xiX 2 + X3X4 — X$Xq) G -B 2)P H x' { = X{ + (xiX 2 — X3X4) G ^4 2 , p , i = 1,6. 

3aMeTHM hto tp{B\ p ) C Agp, a 3HaHHT, oTo6pa>KeHHe ^ : B 2p jB\ p — > A 2)P /A% , onpefle- 
jieHHoe no npaBHjiy </?(a + -B| ) = v 9 ! -) + A\ p , a G -B 2 , P , TaiQKe HBjiaeTca H30MopcpH3MOM. 
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OTciqua cjie^yeT, hto cymecTByeT HeBL»ipo>K^;eHHa}i MaTpnija P = (p^) 6x6 , Pij G Z p , Taxan, 

HTO 

f 

if{xi) = pnx[ + P2lX' 2 + p 31 x' 3 + P41X' 4 + p 51 x' 5 + p 61 x' e + 61; 
^(^2) = Pl2^i + P22^ 2 + P32X' 3 + PA 2 x' i + p b2 x' b + £>62^ 6 + b 2] 
¥>(z 3 ) = Pl3^i + P23»2 + P33^3 + ^43^4 + P53X' 5 + P63XQ + 63 ; 
V?(x 4 ) = Pu^i + P24X2 + P34X3 + P44^ 4 + P54X' 5 + Pq^Xq + b 4 ; 
(p(W 5 )= P15X[ + P25S2 + P35X3 + P45^ 4 + P55X' 5 + ^65^6 + ^55 

(p(We)= Pwx[ + p 2 6^2 + P3ex' 3 + Pmx' A + p 5 6x' 5 + p 66 x' 6 + b 6 , 
r^e 61, 62, &3, &4, &5, &6 ~~ HeKOTopbie sjieMeHTbi H3 A\ . 

YHHTBIBaa: CBOHCTBa H30MOp(pH3Ma, HMeeM 

w{x{x 2 + x 3 x 4 - X 5 Xq) = 
= (Plix'i + P2ix' 2 + p 3 ix' 3 + p 4 ix' 4 + p 51 x' 5 + £>61^ 6 )(pi2^i + p 22 X 2 + p 3 2x' 3 + p 4 2x' 4 + £>52^5 + P62^ 6 ) + 

+ (Pnx[ + p 23 x 2 + p 33 x' 3 + p 43 x' 4 + P53X5 + Pmx'^ipux'i + p 2 4~x 2 + p 34 x' 3 + p 44 x' 4 + p 54 x' 5 + p 6 4x' 6 )- 

-(P15X[ + P25X2 + P35X 3 + P45X 4 + P55X5 + P65X' 6 )(PWX / 1 + P2&X 2 + ^36^3 + ^46^4 + ^56^5 + Pmx' 6 ) = 
= (PllP62 + P12P61 + P13P64 + P14P63 - PmPm ~ Pl&P<x)x' l x'z + 
+ (P2lP62 + P22P61 + P23P64 + P24P63 - PlhPm ~ P2dP65)x' 2 x' 6 + 
+ (P3lPd2 + P32P61 + P33P64 + P34P63 ~ P35P66 - P3%P^)x' 3 x' 6 + 
+ {.P4lPd2 + P42P&1 + P43P&4 + P44P63 ~ P45P66 ~ ^46^65)^4^6 + 
+ (P5lP62 + P52P61 + P53P64 + P54P&3 ~ PttPm ~ ^56^65)^5^6 + 
+ (P6lP62 + P63P64 ~ ^65^66)^6^6 + /(^i> ^2> ^3> ^4 ? ^5) = °> 

r^;e f (x[,x' 2 ,x' 3 ,x' 4 ,x' 5 ) - HeKOTopBiii MHoronjieH ot nepeMeHHBix x[, x' 2 , x' 3 , x 4 , x' 5 , He co^ep- 

JKamHH Xq. IIoCKOJIbKy SJieMeHTBI X^Xq, X 2 Xq, X 3 Xq, x' 4 Xq, x' 5 Xq, XqXq JIHHefiHO He3aBHCHMBI, 
TO 

PllPm + P12P61 + P13P64 + P14P63 - P15P66 - P16P65 = 0; 
P21P62 + P22P61 + P23P64 + P24P63 ~ P25P66 - ^26^65 = 0; 
P31P62 + P32P61 + P33P64 + ^34^63 ~ ^35^66 ~ ^36^65 = 0; 
P41P62 + P42P61 + P43P64 + ^44^63 ~ ^45^66 ~ ^46^65 = 0; 
P51P62 + P52P61 + P53P64 + ^54^63 ~ P55P66 - ^56^65 = 0; 
P61P62 + P63P64 ~ ^65^66 = 0. 
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H3MeHHB nocjie^Hee ypaBHeime, nojiy^HM 



OTciqua 



PllPm + P12P61 + Pl?,P&i + PUP63 - Pl<oPm - P16P65 = 
P21P62 + P22P61 + P23P64 + P24P63 ~ P25Pm ~ P26P&5 = 
P31P62 + P32P61 + P33P64 + P3AP&3 ~ P35P66 ~ P36P65 = 
P41P62 + P42P61 + P43P64 + ^44^63 ~ ^45^66 ~ P46P65 = 
P51P62 + P52P61 + P53P64 + P54P63 ~ PttPm ~ ^56^65 = 
P61P62 + PQ2P&1 + P63P64 + P&iP<i3 ~ PttPm ~ P66P65 = 

(P62,P61,P64,P63 J ~P66, "Pes) ■ P T = 0. 



Tax KaK MaTpnija P HeBbipojKfleimaH, to nojiyneHHoe paBeHCTBo HeB03Mo>KHo. IIpoTHBope- 
HHe. D 

H3 cjie^cTBH5i|3]H npe^;jio>KeHH5iH]BbiTeKaeT cnpaBe^jiHBocTB cjieflyiomero yTBepac^eHHa. 

Cjie/i,CTBHe 4. Ecjiu e MHosoo6pa,3uu KOAey DJl ece KonenHue KOAbya odno3HaHHO onpede- 
AfimmcR cooumu spacfiaMu deAumeAeu nyAH, mo 3ah awBozo Henemnodo npocmoso hucacl p 
MHoeoo6pa,3ue DJl ne codepwcum MH020o6pa,3Ufi OT^p- 

IlycTb DJl — MHoroo6pa3He, b kotopom Bee KOHenHbie KOJibija o^H03HaHHo onpe^ejiaioTca 
cbohmh rpacpaMH ^ejiHTejiefi Hyjia. B pa6oTe [1] ,n;oKa3aHo, hto T(SDt) co^epjKHT MHoronjieHbi 
BH^;a mx, dx + x 2 g(x), npnneM m = p" 1 . . .p^ s , «j < 3 ^jia Bcex i < s, g(x) G Z[x], d = 1 
hjih d = pi ± . . .pi k , rflfi Pix, ■ ■ ■ ,Pi k - nonapHo pa3JiHHHbie npocTbie ^ejiHTejiH nncjia m. 

AaJiee, nycTB % = var (p^x = 0) n £Dt, r^e 1 < % < s. Tor^a 9JI = (Hi V . . . V 0T S h 

r(sn) = T(«yti)n...nr(m,). 

JleMMa 7. .Ec/m KOAbyo A ydoeAemeopnem mootcdecmey x(y — y n ) = 0, n > 2, a KOAbyo B 
ydoeAemeopsiem mootcdecmey x(y — y m ) — 0, m > 2, mo e KOAbye A ® B eunojmaemcH 
mooicdecmeo 

x(y-y (n -^ m - 1)+1 ) = 0. 

,I(oKa3ameAbcmeo. IlycTB a, 6 — npoH3BOJiBHBie sjieMeHTbi H3 KOJibija A. Tor^a 
ab = ab n = ab ■ b n ~ l = (ab ■ b^ 1 ^ 1 = ab ■ b 2{n - l) = ... = ab l+{n - 1] \ 



r^e t — npoH3BojibHoe HeoTpHn;aTejibHoe n;ejioe hhcjio. ,H,pyrHMH cjioBaMH, b KOJibrje A bm- 
nojiHaioTca: TOJK^ecTBa xy = xy 1+ ^™ _1 - )4 , t > 1. AHajiornnHo ,ri;oKa3biBaeTC5i, hto Kojibn;o B 
yn;oBjieTBopaeT TOJK^ecTBaM xy = xy 1+ ^ m ~^ s , r^,e s — npoH3BojibHoe n;ejioe HeoTpHn;aTejib- 
Hoe hhcjio. 3HaHHT, xy = xy 1+ ^ n ^ 1 ^ m ^ 1 ^ — Toac^ecTBO b KOJibn;e A © B. □ 
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IIpe,zi,jio:>KeHHe 5. T(OTj) codepztcum mhozohach x(y — y Pi ), % — 1, . . . , s. 

/^oKasameAbcmeo. Mb pa6oTbi [7J cjie/xyeT, hto T(OIj) co^epacHT MHoronjieHbi BH/xa p^ l x h 
dx + x 2 f(x), rjxe d = 1 hjih <i = p i5 f(x) G Z[a;], a^ < 3. Ecjih d = 1, to Hfleaji Toac^ecTB 
T(yij) co^epacHT MHoroHjieH x+x 2 f(x), h H3 |2] cjie/xyeT, hto DTj nopoac^aeTca nojieM Z Pi hjih 
D^j = f ar (x = 0) . B Kaxc^oM H3 sthx cjiynae nojiynaeM, hto T(OTj) co^epxcHT MHoronjieH 

x(y-y Pl )- 

PaccMOTpHM cjiynan, xor^a d = Pi, T.e. p^x + x 2 f(x) G T(D f tj). H3 cjie/rcTBHH [2]HMeeM, 
hto MHoroo6pa3He 9Tj He co^epyKUT MHoroo6pa3HH 9JTi, Pi . 3to 03HanaeT, hto cymecTByeT 
MHoroHjieH g(x\, . . . ,Xn) £ Tfili), cymecTBeHHo 3aBHCHiHHH ot nepeMeHHbix X\, . . . ,Xn, 
TaKofl, hto g(xi, . . . ,xn) ^ {xyz,x 2 ,pix} T . Hcho, hto N < 2. 

IlycTb N = 1. B 3tom cjiynae MHoronjieH g mojkho 3anHcaTb b BH^e: 

g(x) = bx + apiX + x 2 h(x), 

rpp h(x) G Z[x], a,b G Z, npnneM hhcjio b He ^ejiHTCH Ha Pi, Ho jieMMe o HOJX cymecTByioT 
rjejibie nncjia u, v, Taxne, hto bu + PiV = 1. IIocKOJibKy piX + x 2 f(x) G T(9Tj), to T(OTi) 
co/repacHT MHoronjieH BH^a <7i(x) = x + cpiX + x 2 hi(x) jj;jih HexoTopbix c G Z h /ii(a;) G Z[x]. 
OTcio^a, HaKOHen;, nojiynaeM, hto 

(x + c^jX + x 2 hi(x)) — c (piX + x 2 f(x)) = x + x 2 (h 1 (x) — cf(x)) G OTj. 

H3 [7J cjie/xyeT, hto T(9Tj) co^epxtHT MHoronjieH x(y — y Pi ). 
IlycTb Tenepb N = 2. Tor^a MoaceM 3anncaTB 

g(x, y) = axy + /3(x oy) + 1Pi xy + <p(x, y), 

rjj;e tp(x,y) G 7,[x,y], a, /3, 7 G Z, npnneM hhcjio a He ^ejiHTcn Ha £>i, a hhjkhss cTeneHb 
MHoroHjieHa (p(x,y) Gojibine 2. IIo jieMMe o HO,H, cymecTByioT rjejibie hhcjm u, v, Taxne, hto 
au + p^ = 1. IIosTOMy T(DTj) co^epjKHT MHoronjieH 

5i(x, y) —ug(x, y) = uaxy + uf3(x oy) + wypixy + u<p(x, y) = 
=xy + uf3(x o y) + («7 — v)pixy + u<p(x, y) = 
=xy + u(3{x o y) + (uj — v) ( K —x 2 y 2 f(xy)) + uy?(x, y) = 
=xy + (3 1 (xoy) +<p 1 (x,y), 

rja;e Pi = u/3 n ipi(x,y) -- HeKOTopBifl MHoronjieH c n;ejiBiMH Kos(p(pHH,HeHTaMH, hhjkhhh 
CTeneHb KOToporo Gojibnie 2. HTax, T(5^) co^epjKHT MHoronjieH 

yi(ar,j/) =xy + /3i(xoy) + V 9 1 (x,y), 

rjj;e ft G Zh <£>i(x, y) — MHoronjieH c n;ejibiMH K03(p(pHn;HeHTaMH, hhjkhhh CTeneHb KOToporo 
6ojibHie 2. 
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PaccMOTpHM cjiynafl, Kor,n;a Pi = 2. Tor^a 

gi{x, x) = x 2 + 2/3ix 2 + fi{x, x) = x 2 + (5\ (— x 4 f(x 2 )) + fi{x, x) = x 2 + x 3 tp2(x) G T(9Tj) 

fljis HeKOToporo MHoronjieHa ^(x) G Z[x]. OTcio^a cjie^yeT, hto MHoroo6pa3He 9Tj yn;oBjie- 
TBopaeT TOJK^ecTBy BH,n,a x o y + ^(x, y) = 0, r^e f/K 3 -) 2/) G Z[x, 2/]; npnneM hhjkhhh CTeneHB 
MHoroHjieHa ip(x,y) GojiBine 2. Cjie^oBaTejitHo, 

gi(x,y) =xy + p 1 (-il)(x,y)) + <pi(x,y) = xy + ifa.(x,y), 

r^e i/j\(x, y) = —f3iip{x, y) + ipi(x, y) — MHoronjieH, HHamaa cTeneHb KOToporo Gojibine 2. H3 
TeopeMBi 1 paGoTbi [7] HMeeM, hto DTj C var N ^ © Z 2 . Cjie^c-BaTejiBHo, MHoroo6pa3He Dlj 
y^oBjieTBopaeT Toac^ecTBy x(y — y 2 ) = 0. 

PaccMOTpHM Tenept cjiynaii, Kor,n;a pi - - HeneTHoe hhcjio. H3 cjie^cTBHH H] HMeeM, 
hto MHoroo6pa3He OTj He cqnepacHT MHoroo6pa3HH 9Jt2, Pi . 3HanHT, cymecTByeT MHoronjieH 
p(xi, . . . , xaj) € T(9T;), cymecTBeHHo 3aBHCHiHHH ot nepeMeHHbix x%, . . . , xm, Taxc-ft, hto 

p(X!,...,X M ) 4- { x V z i [x,y],PiX} T . HcHO, HTO M < 2. 

IIojiojkhm cHanajia M — 1. Tor^a mojkcm 3anHcaTB 

p(x) = Ax + /i^jX + ra 2 + SpiX 2 + x 3 a(x), 

rpp <j{x) G Z[x], \,ia,i>,8 G Z, npHHeM jih6o A — HeHyjieBoe hhcjio, He flejiHmeecH Ha p^, 
jih6o z/ — HeHyjieBoe hhcjio, He flejismeecs: Ha p^. IlycTB A He paBHo Hyjuo h B3aHMHo npocTo 
c hhcjiom pi. Tor^a jieMMe o HO,H, cymecTByioT ijejiBie nncjia u,v , Taxne, hto Am + PiV = 1. 
OTcro,zi,a cjie^yeT, hto 

up(x) =x + Pi([xu — v)x + vux 2 + bupiX 2 + ux 3 a(x) = 

=x + (fiu — v)(—x 2 f(x)) + vux 2 + 5upiX 2 + ux 3 a(x), 

T.e. 9Tj y^oBjieTBopaeT TOJK,n;ecTBy BH^a x+x 2 q(x) = 0, r^e q(x) G Z[x]. PaHee mbi c-TMenajiH, 
hto b 3tom cjiynae x(y — y Pi ) G T(9Tj). IlycTb Tenepb A = 0. Tor^a hhcjio v He paBHo Hyjuo 
h He ^ejiHTCH Ha pi. OTcipua cjie^yeT, hto jieMMe o HO,U, cymecTByioT n;ejiBie nncjia u, v, 

TaKHe, HTO VU + PiV = 1. 3HaHHT, HMeeM 

up(x) =fj,upiX + x 2 + Pi(5u — v)x 2 + ux 3 a(x) = 

=fiupiX + x 2 + (5u — v)(—x 4 f(x 2 )) + ux 3 a(x) = fiupiX + x 2 + x 3 cr 1 (x) 

fljia HeKOToporo MHoronjieHa ai(x) G Z[x]. JlHHeapH3yH MHoronjieH [xupiX + x 2 + x 3 <j\{x\ 
mbi nojiyHHM, hto H^eaji Toac^ecTB Ti^Sl^) co^epjKHT MHoronjieH BH^a x o y + w(x,y), r^e 
w(x,y) — HeKOTopBift MHoroHjieH c n;ejiBiMH KcracpcpHuneHTaMH, hhjkhhh CTeneHB KOToporo 
GojiBHie 2. H3 TOJKflecTB x o y + w(x, t/)=0n fi'i(x, y) = nojiynaeM, hto T(9Ti) co^epacHT 
MHoroHjieH BH,a;a xy+Wi(x, y), r^e W!(x, y) G Z[x, y] h hhjkhhh CTeneHB MHoronjieHa Wi(x, y) 
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Gojibine 2. IIo TeopeMe 1 CTaTbH jTJ cjie^yeT, hto MHoroo6pa3ne 9Tj yzjoBjieTBopaeT Toac^ecTBy 

»(y - y n ) = o. 

IlycTb, HaKOHen;, M = 2. Tor,n;a MoaceM 3anncaTb 

p(x,y) = Aixy + /ii[x,y] + u x pixy + u(x,y), 

Tj\e Ai,/ii,^i G Z, npnneM Ai He ^ejiHTca Ha pj, h u(x,y) — MHoronjieH c u,ejibiMH xoscp- 
(pnnneHTaMn, hhjkh22 cTeneHb KOToporo 6ojibine 2. Hcnojib3yH jieMMy o HO/I, Tax >Ke, Kax 
3to Gbijio c^ejiaHo Bbiuie, mbi mojkcm cnnraTb, hto Ai = 1, T.e. 

p(x,y) = xy + ti,i[x,y] + v\PiXy + u(x,y). 

IIojiB3y5icB Toac^ecTBOM piX + x 2 f (x) = 0, nojiynaeM, hto 

p(x,y) =xy + ni[x,y] + p 1 (-x 2 y 2 f(xy)) +uj(x,y) = xy + fi x [x,y] +u 1 (x,y) 

fljia HeKOToporo MHoronjieHa Ui(x, y) G Z[x, y], hhjkhhs cTeneHb KOToporo Gojibiue 2. Tor^a 
p(x, x) = x 2 + x 3 u 2 (x), rflfi 0J2 G Z[x]. JlHHeapH3y5i Toac^ecTBo p(x,x) = 0, nojrynnM, 
hto MHoroo6pa3He 9Tj ynpBjieTBopaeT Toac^ecTBy BH^a x o y + w(x,y) = 0, r^e w(x,y) - 
HeKOTopBiit MHoroHjieH c uejibiMH K03(p(pHH,HeHTaMH, hh>kh5I5i CTeneHb KOToporo GojibHie 2. 
H3 TOJK^ecTB x o y + w(x, t/)=0n <7i(x, y) = cjie^yeT Toxc^ecTBo BH^a xy + Wi(x, y) = 0, 
rp<d Wi(x,y) G Z[x,y] h hh>kh5IH CTeneHb MHoronjieHa Wi(x,y) 6ojibHie 2. IIo TeopeMe 1 
CTaTbH [7] nojrynaeM, hto MHoroo6pa3He 9tj ynoBjieTBopaeT Toac^ecTBy x(y — y Pi ) = 0. □ 

H3 npe^JioJKeHHH [5] h jieMMbi [7] nojiynaeM cjie^ryioinee yTBepac^eHHe. 

Cjie^CTBHe 5. Ilycmb 9JT — MHOsoo6pa,3ue, e KomopoM ece KOHennue KOAbi^a odno3HaHHO 
onpedeJittwmcR cboumu epatfiaMU deAumeAeu Hyjin. Toeda T(9JT) codepwcum mhosohach euda 
x(y~y N ), sde N > 2. 

Tenepb mm mojkcm ,n;oKa3aTb ochobhoh pe3yjibTaT HacToamen pa6oTbi. 

TeopeMa 1. JJjui ak>6ozo MH020o6pa3UR 9Jt accov^uamuenux KOAeu, cAedywu^ue ycAoeun 
9K6ueajieHmHu: 

(1) IJpou3eoAbHoe KoneHHoe KOAbi^o U3 9Jt odno3HaHHo onpedeAttemctt ceouM spaaioM de- 
AumeAeu nyjut; 

(2) 9Jt C var (N 0jP1 © ... © N 0tPs © Z p ) , ede s G N u (pi,p) 7^ (3, 2) Bar ak>6o20 hucjio, 
iE {l,...,s}. 

/J0Ka,3ameAbcm60. HMnjiHKan;HH (2) =^ (1) cjie,n;yeT H3 npe^yioxceHHs 4 paGoTbi [T]. ^oKa- 
aceM HMnjiHKan;Hio (1) =>■ (2). IlycTb b MHoroo6pa3HH 971 Bee KOHenHbie KOJibn;a o^H03HaHHo 
onpe^ejiaioTCH cbohmh rpacpaMH ^ejiHTejieii Hyjia. Tor^a no cjie^CTBHio |5] n^eaji Toac^ecTB 
T(DJl) co^epacHT MHoronjieH Bn^a x(y — y N ), r^e N > 2. Ho TeopeMe 1.1 H3 CTaTbH [7J 
HMeeM, hto VJl C var (N 0tPl © ... © N 0tPs © Z p ) , r^e s G N n (pi,p) 7^ (3, 2) fljia jno6oro 
nncjia i G {1, . . . ,s}. D 
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